Precise parameter estimation plays a central role in science and technology. The statistical error in estimation can be decreased by repeating measurement, leading to that the resultant uncertainty of the estimated parameter is proportional to the square root of the number of repetitions in accordance with the central limit theorem. Quantum parameter estimation, an emerging field of quantum technology, aims to use quantum resources to yield higher statistical precision than classical approaches. Here, we report the first room-temperature implementation of entanglement-enhanced phase estimation in a solid-state system: the nitrogen-vacancy (NV) centre in pure diamond. We demonstrate a super-resolving phase measurement with two entangled qubits of different physical realizations: a NV centre electron spin and a proximal 13 C nuclear spin. The experimental data shows clearly the uncertainty reduction when entanglement resource is used, confirming the theoretical expectation. Our results represent a more generalized and elemental demonstration of enhancement of quantum metrology against classical procedure, which fully exploits the quantum nature of the system and probes.
Information about the world is acquired by observation and measurement, the results of which are subject to error [1] . The classical approach to reduce the statistical error is to increase the number of resources for the measurement in accordance with the central limit theorem, however, this method sometimes seems undesirable and inefficient [3] . Quantum parameter estimation, the emerging field of quantum technology, aims to yield higher statistical precision of unknown parameters by harnessing entanglement and other quantum resources than purely classical approaches [2] . Since this quantum-enhanced measurement will benefit all quantitative science and technology, it has attracted a lot of attention as well as contention. Using N independent particles to estimate a parameter ϕ can achieve at best the standard quantum limit (SQL) or called shot noise limit scaling as δϕ ∝ 1/ √ N while it is believed that using N entangled particles and exotic states such as NOON states in principle is able to achieve the inviolable Heisenberg limit scaling as δϕ ∝ 1/N [4, 5] . In such circumstances, there are many efforts using non-classical states and quantum strategy for sub-SQL phase estimation in different physical realizations, such as optical interferometry [3, [6] [7] [8] [9] , atomic systems [10, 11] , and Bose-Einstein condensates [12, 13] .
In this paper, we report the first room-temperature proofof-principle implementation of entanglement-enhanced phase estimation in a solid-state system: the nitrogen-vacancy (NV) centre in pure diamond single crystal. An individual N-V center can be viewed as a basic unit of a quantum computer in which the nuclear spin with a long coherence time performs as the memory and the centre electron spin with a high control speed acts as the probe. This solid-state system is one of the most promising candidates for quantum information processing (QIP), and many coherent control and manipulation processes have been performed with this system [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] . Here, we demonstrate a super-resolving phase measurement with two entangled qubits of different physical realizations: a NV centre electron spin and a proximal 13 C nuclear spin. We are able to improve the phase sensitivity by factors close to √ 2 compared with the classical scheme, which conforms to the fundamental Heisenberg limit. As we have entangled two qubits with different physical realizations, our results represent a more generalized and elemental demonstration of enhancement of quantum metrology. Moreover, our system has overcomed the defects of post-selection in the most common optical systems which are fatal due to the fact that the measurement trials abandoned will eliminate the quantum advantage over classical strategy.
Results

Cramér-Rao bound and quantum Fisher information
In the simplest version of the typical quantum parameter estimation problem, we aim to recover the value of a unknown continuous parameter [say phase ϕ in Fig. 1(a) ] encoded in a fixed set of states ρ ϕ of a quantum system [2] . We can obtain a single result ξ via performing a measurement on the system and it is useful to express the measurement in terms of set of POVM {Ê ξ }. With large number of measurements, it is possible to calculate the estimatorφ(ξ) with the observation conditional probability density function (pdf ) of result ξ given the true values ϕ: p(ξ|ϕ) = Tr(Ê ξ ρ ϕ ). When the number of measurements ν is sufficiently large and the estimation is unbiased [30, 31] , the root-mean square error for the statistical uncertainty can be shown to obey the well-known Cramér-Rao bound [32] given by
where
2 is the Fisher information corresponding to the selected POVM and the conditional pdf of the result. Eq. (1) provides a lower bound for the The electron spin state can be initialized to |0 state by a short 532 nm laser pulse (3 µs) and manipulated by resonant microwave (MW) pulses of tunable duration and phase. The state manipulation of nuclear spin is similar to electron spin's, but with much lower frequency in Radio frequency (RF) region. achievable lower bound by choosing the optimal measurement expressed by some POVM {Ê opt ξ } that maximizes the Fisher information:
which is known as the quantum Fisher information (QFI) [33] . Via assigning the symmetric logarithmic derivative (SLD) L through
2 ). The simplest but common case is when the state of the system is a pure state ρ ϕ = |ψ ϕ ψ ϕ |, and meanwhile one is able to write the QFI as [34] 
For instance, consider that |ψ ϕ = exp(−iHϕ)|ψ with a Hermitian opertaor H being the generator, F Q (ϕ) = 4(∆H) 2 and the Cramér-Rao bound reduces to a simple form
given that ∆Ĥ = ψ|Ĥ 2 |ψ − ψ|Ĥ|ψ 2 . For the classical scheme with separable probe state
⊗N , the lower bound at best leads to the SQL δϕ se ∝ 1/ √ νN . To implement the quantum counterpart of the Heisenberg limit δϕ en ∝ 1/ √ νN , we can choose the GHZ state (|0 ⊗N + e −iN ϕ |1 ⊗N )/ √ 2 as the optimal probe state. Consider that the qubit number N = 2, the two-qubit maximally entangled state will obtain a √ 2 advantage against the separable state.
System description
The phase estimation scheme is implemented by optically detected magnetic resonance (ODMR) [14, 16] technique on a home-built confocal microscope system. The description of the system can be found in [27] . The spin-1 electron spin of NV centre has triplet ground states with a zero-field splitting of ∆ ≈ 2.87 GHz between the states |0 and | ± 1 . As an external magnetic field of about 540 Gauss is applied along [111] direction of the diamond crystal, the degeneration of | ± 1 states can be well relieved, and the first qubit is encoded on the |0 and | − 1 subspace. The electron spin state is readout by collecting the spin-dependent fluorescence. To enhance the fluorescence collection efficiency, a solid immersion lens (SIL) [35] is etched above the selected NV center, typical count rate in this experiment is 250 kps with SIL. The second qubit is encoded on the | ↑ and | ↓ states of a nearby 13 C nuclear spin. The coupling strength between the target nuclear spin and centre electron spin is 12.8 MHz, which indicates the 13 C atom sites on the third shell from the NV centre [36] . The polarization and readout procedure of the nuclear spin is more complicated than that of a electron spin. The 540 Gauss magnetic field causes excited-state level anticrossing (ESLAC) of centre electron spin, in which the optical spin polarization of centre electron will transfer to nearby nuclear spins [37, 38] . So the host 14 N nuclear spin, the nearby 13 C nuclear spin as well as the center electron spin are polarized by the same laser pulse under this magnetic field. To readout the nuclear spin state, a mapping gate, which transfers nuclear spin state to electron spin, and a following optical readout of electron spin state are employed [17, 38] .
The nearby nuclear spin couples to the centre electron spin through strong dipolar interaction, which provides excellent conditions to implement two-qubit controlled gate. On the one hand, the resonant frequency of |0 ↑ ⇔ |1 ↑ transition and |0 ↓ ⇔ |1 ↓ transition are separated by 12.8 MHz from each other, so we can selectively manipulation one branch of nuclear spin with high fidelity while keep the other branch untouched. On the other hand, the nuclear spin state evolution is strong affected by the state of electron spin: when electron spin is on the |0 state(or | − 1 state), the dynamics of the nuclear spin is dominated by the external magnetic filed(or the dipolar interaction, respectively), its Zeeman splitting between the | ↑ and | ↓ states is about γ C B=570 kHz, which is far away from the dipolar interaction strength of 12.8 MHz. Therefore, we can selectively manipulation one branch of electron spin, as well.
Phase measurement
The phase information of a superposition state is detected by converting it to population information of the spin qubits and a following optical readout. To eliminate the system error in long time measurement, we use a self-calibration measurement scheme as shown in Fig. 2(a) . Note that this is a single spin experiment, and we need to repeat the pulse sequence many times to get a reliable signal to noise ratio (SNR). For the convenience of description, let us name this N repeat of pulse sequence as a 'single measurement', which gives one output of phase. It is clear to see from Fig. 2(b) to Fig. 2(d) that the SNR is better as the measurement sequence is repeated more times. In Fig. 2(f) , the decrease of phase estimation error can be well described by central limit theorem.
To improve phase estimation accuracy, one can increase the repeat number, which means longer measurement time is needed. An equivalent way is to employ more qubits. As mentioned before, the state of the multi-qubit system, independent or entanglement, determines the accuracy limit of phase estimation. For the investigated two-qubit system, the electron and nuclear spin can be prepared and measured independently. Fig. 3 (a) plots the state tomography result of a nuclear spin superposition state. Using such independent state (either nuclear spin or electron spin) will get a phase relation as depicted in Fig. 3(c) , the amplitude of Rabi signal has cosine dependence on the phase of input state.
The electron and nuclear spin can be prepared in entangled state by combination of MW and RF pulses. After the laser pulse polarizing the two spins to |0 ↑ state, a RF π 2 pulse of phase ϕ brings the system to superposition state of nuclear spin:
(|0 ↑ + e iϕ |0 ↓ ). Then a selective MW π pulse of phase ϕ, which resonant with the |0 ↑ ⇔ |1 ↑ transition, brings the system to 1 √ 2 (|1 ↑ + e 2iϕ |0 ↓ ) state. Typical state tomography result of the electron-nuclear entangled state is depicted in Fig. 3 (b) . It is worth noting that the dephasing time of electron spin (µs ) is very short compared with the typical manipulation time (e.g. 10 µs for a flip operation) of nuclear spin, which limits the QIP applications of this entangled state [22, 27, 38] . However, in our phase estimation application, the sensitive phase information is converted to population right after its generation, so the merit of the entangled state can be fully exploited. As shown in Fig. 3(d) , the phase relation of the entangled state has double frequency dependence on the phase of input state, so the phase estimation using the entangled state of two qubit is more precise than that of using two state from independent single qubit.
Demonstration of entanglement enhanced reduction of the phase uncertainty
To demonstrate the merits of entangled state over independent state in phase estimation application, we compare their performances on different repeat number and different input phase, the measured results are summarized in Fig. 4 . The experimental procedure is: firstly, single spin states (electron and nuclear) of the same input phase (30 • ) are prepared and measured independently. Then the output phases extracted from the same repeat number are counted together, no weight is added for either electron or nuclear spin states. For a fair comparison with entangled state, half of the statistic samples (ν) are extracted from electron spin states, and the other half (ν) are extracted from nuclear spin states. In the case of entangled state phase estimation, the entangled states are prepared and measured using the same repeat number, and such 'single measurement' are repeated equal times (ν) to get comparable statistic results. Note the same MW and RF channels are used to prepare the independent and entangled states.
As shown in Fig. 4(a) and (c), the phase extracted from each entangled state "single measurement" is 2ϕ, so the phase error of input phase is just half of the standard deviation from n sample statistic ( δϕ 2 ). For the independent-state input, the double sample number (2n) only suppress phase error to
level, which is larger than entanglement-state input. Explicitly, we would expect that the phase uncertainty δϕ proportion respectively to 1/ √ νN and 1/( √ νN ) for single spin state and the entangled state with N being 2 in our experiment since two-qubit entanglement between electron spin and nuclear spin is used as the quantum resource. In Fig. 4(b) , we consider that identical measurement is repeated ν times, then a general formulae, δϕ = a/ √ ν + c, is used to fit experimental data, where c is assumed to be a systematic error depending on specific experimental setup. The parameter a for scheme of entangled state should be smaller than that of the single spin scheme, corresponding to smaller uncertainty about the phase, if we assume that the single spin state and the entangled state are realized by the same physical state. Fig. 4(b) of the experimental data demonstrates clearly that the precision of phase estimation is enhanced by using entanglement which agrees well with theoretical expectation. The experimental error is possibly due to two related reasons: the electron spin state and the nuclear spin state are not the same, in particular for their decoherence time, while their similarity is assumed theoretically; the readout of NV centre system can only be by intensity of florescence of the electron spin. Fig. 4 (c) and (d) show the phase estimation results of different input phases. The phase error of entangled state is smaller than independent state in all input phases, which indicates the enhancement of phase estimation accuracy by entanglement is phase independent.
Discussion
As summarized in Fig. 4 by different figures of merit quantifying the uncertainty of phase estimation, the entanglementenhanced precision is clearly shown by experimental data. This experiment demonstrates the advantage of the quantum metrology scheme. Practically by using quantum metrology, the measured physical quantity should have the same interaction on the probe system no matter it is prepared as a single qubit or entangled state. In our special designed experiment, the measured phases are artificially encoded to the probe state such that the enhancement of precision can be shown by entangled probe state. However in principle, the confirmation of theoretical expectation by experimental data provides a solid evidence that quantum phase estimation is applicable in this solid state system. Comparing with other systems, e.g. photons, the data of each measurement in our system is useful for analysis, while joint measurement scheme in general should be performed in photon counting which may diminish the efficiency of the quantum metrology by photons.
In conclusion, we report the first room-temperature implementation of entanglement-enhanced phase estimation in a solid-state system: the nitrogen-vacancy (NV) centre in pure diamond. We demonstrate a super-resolving phase measurement with two entangled qubits of different physical realizations: a NV centre electron spin and a proximal 13 C nuclear spin. Thus, our results represent a more generalized and elemental demonstration of enhancement of quantum metrology against classical procedure, which fully exploits the quantum nature of the system and probes.
